This paper considers the degree-diameter problem for undirected circulant graphs. The focus is on extremal graphs of given (small) degree and arbitrary diameter. The published literature only covers graphs of up to degree 7. The approach used to establish the results for degree 6 and 7 has been extended successfully to degree 8 and 9. Candidate graphs are defined as functions of the diameter for both degree 8 and degree 9. They are proven to be extremal for small diameters. They establish new lower bounds for all greater diameters, and are conjectured to be extremal. The existence of the degree 8 solution is proved for all diameters. Finally some conjectures are made about solutions for circulant graphs of higher degree.
Introduction
The degree-diameter problem is to identify extremal graphs, having the largest possible number of vertices for a given maximum degree and diameter. There is an extensive body of work on the degree-diameter problem in the literature, but relatively few papers consider the specific case of undirected circulant graphs. For circulant graphs there are two main areas of research: largest graphs of given (small) degree and arbitrary diameter, and of given (small) diameter and arbitrary degree. This paper will focus on the first, where the goal for circulant graphs of any given degree, considered as Cayley graphs of cyclic groups, is to determine the order and generator sets for extremal graphs as functions of their diameter.
So far this has only been achieved for graphs of degree d ≤ 4. For degree 2 and 3, the solutions are straightforward. Chen and Jia included a proof for degree 4 in their 1993 paper [1] , and Dougherty and Faber presented a proof for degree 5 in 2004 [2] . Chen and Jia also constructed a family of graphs of even degree d ≥ 4 and all diameters k ≥ d/2. This family establishes a useful lower bound for extremal graphs of all unresolved degrees. For both degree 6 and degree 7, Dougherty and Faber [2] constructed families of graphs, defined as functions of the diameter, which improved on Chen and Jia's lower bound. These graphs have been proved by computer search to be extremal for small diameters and are conjectured to remain extremal for all greater diameters. Dougherty and Faber also proved an upper bound for Abelian Cayley graphs valid for all degrees and diameters.
Since then it appears that nothing further has been published on extremal circulant graphs of given degree and arbitrary diameter. Miller and Siran's comprehensive 2013 survey of the state of the art of the degree-diameter problem [7] includes only a relatively brief section on Abelian Cayley graphs, mostly relating to Dougherty and Faber's results for circulant graphs. Therefore the Dougherty and Faber constructions remain the best known solutions of degree 6 and 7 for arbitrary diameter. For all higher degrees no solutions have been published which improve on the Chen and Jia constructions. In this paper we will review these upper and lower bounds and the extremal and best known solutions up to degree 7.
The main result of this paper is the construction of families of circulant graphs of both degree 8 and 9, defined as functions of the diameter. These graphs improve on Chen and Jia's lower bounds. They have been proved by computer search to be extremal for small diameters above a threshold value. A proof of the existence of these graphs is given for the case of degree 8 for arbitrarily large diameters. This proof closely follows the approach taken by Dougherty and Faber for their proof of the existence of the degree 6 construction [2] . The full proof, covering the separate cases of even and odd diameter and handling the exceptions for all combinations of generator elements, extends to 20 pages. Therefore in this paper the details are included only for a representative subcase. The full proof is available on ArXiv [5] . These new families of graphs are conjectured to be extremal for all diameters above a defined threshold.
Properties of circulant graphs
A circulant graph X(Z n , C) of order n may be defined as a Cayley graph whose vertices are the elements of the cyclic group Z n where two vertices i, j are connected by an arc (i, j) if and only if j − i is an element of C, a subset of Z n \ 0, called the connection set. If C is closed under additive inverses then X is an undirected graph. This paper will only consider undirected connected circulant graphs.
In common with all Cayley graphs, circulant graphs are vertex transitive. With appropriate vertex labelling, the adjacency matrix of a circulant graph is a circulant matrix. By definition such a graph is regular, with the degree d of each vertex equal to the order of C. If n is odd then Z n \ 0 has no elements of order 2. Therefore C has even order, say d = 2f , and comprises f complementary pairs of elements with one of each pair strictly between 0 and n/2. The set of f elements of C between 0 and n/2 is defined to be the generator set G for X. If n is even then Z n \ 0 has just one element of order 2, namely n/2. In this case C is comprised of f complementary pairs of elements, as for odd n, with or without the addition of the self-inverse element n/2. If C has odd order, so that d = 2f + 1, then the value of the self-inverse element n/2 is fixed by n. Therefore for a circulant graph of given order and degree, its connection set C is completely defined by specifying its generator set G. The order of the connection set is equal to the degree d of the graph, and the order of the generator set f is defined to be the dimension of the graph. In summary, undirected circulant graphs of odd degree d must have even order. They have dimension f = (d − 1)/2. Graphs of even degree d may have odd or even order.
In the literature the symbol d is variously used to define the degree or the diameter or the dimension of the graph. Adopting the terminology of Macbeth, Siagiova and Siran [6] , we will use d for degree and k for diameter, and also CC(d, k) for the order of an extremal circulant graph. In addition we use f for the dimension of the graph.
Upper and lower bounds
The most widely known upper bounds for graph order for the degree-diameter problem are the Moore bounds for arbitrary graphs of given degree and diameter. However circulant graphs of degree 3 or more have girth of only 3 or 4 and so are significantly smaller than their Moore bound. Therefore this is not a useful upper bound in practice for extremal circulant graphs. Much more useful for circulant graphs is the upper bound for the order of the Cayley graph of any Abelian group given by Dougherty and Faber [2] . For any dimension f we consider Z f with the canonical generators e i , 1 ≤ i ≤ f . For any Abelian group G generated by g 1 , ..., g f there is a unique homomorphism from Z f onto G which sends e i to g i for all i. If N is its kernel, then G is isomorphic to Z f /N , and the Cayley graph of G with the given generators is isomorphic to the Cayley graph of Z f /N with the canonical generators for Z f . For any given diameter k, S f,k is defined to be the set of elements of Z f which can be expressed as a word of length at most k in the generators e i of Z f , taken positive or negative. Equivalently, S f,k is the set of points in Z f distant at most k from the origin under the L 1 (Manhattan) metric:
Within the literature on coding theory and tiling problems it is usually called the f -dimensional Lee sphere of radius k. This leads to the following theorem. For any given dimension f , let S(f, k) = |S f,k |. Then S(f, k) gives an upper bound for the order of an Abelian Cayley graph of even degree d = 2f and diameter k, and therefore in particular of a circulant graph. In order for a graph to achieve this upper bound it is necessary that different combinations of multiples of the generators create paths of length up to k from an arbitrary root vertex that lead to different vertices. This is equivalent to achieving an exact tiling of Z f with Lee spheres S f,k . Golomb and Welch [3] proved such a tiling is possible for 1 and 2 dimensions for any radius and for any dimension for radius 1. They conjectured that this is not possible for any graph of dimension f ≥ 3 and radius k ≥ 2. This conjecture is still open, although various authors have presented proofs of non-existence for 3, 4 and 5 dimensions. The paper by Horak [4] covers all three of these dimensions.
From the definition it is easily shown that S(f, k) satisfies the 'square' recurrence relation S(f, k) = S(f, k − 1) + S(f − 1, k) + S(f − 1, k − 1) which, along with boundary values S(1, k) = 1+2k for k ≥ 1 and S(f, 1) = 1+2f , for f ≥ 1 enables the value to be calculated for any f and k. Stanton and Cowan [9] derived an explicit formula for this relation:
We also have an asymptotic form:
For a circulant graph of odd degree d = 2f + 1, having a single self-inverse generator, we note, following Dougherty and Faber [2] , that the set of elements which can be written as a word of length at most k in the generators of the group
giving an upper bound for the order of the graph of S(f, k) + S(f, k − 1). For an Abelian Cayley graph of given degree a higher number of self-inverse generators would reduce the number of non self-inverse generators, thereby reducing the order of the polynomial in k. Thus this circulant graph upper bound is also the upper bound for any Abelian Cayley graph of the same degree and diameter.
We therefore define the upper bound M AC (d, k) for the order of an Abelian Cayley graph of degree d and diameter k as follows:
Thus we have the asymptotic form: As the Golomb-Welch conjecture has been confirmed for dimensions 3, 4 and 5, this means that no circulant graph of degree 6, 8 or 10 can achieve the upper bound
Furthermore, as the upper bound for odd degree d = 2f + 1 also depends on S(f, k), nor can any circulant graph of degree 7, 9 or 11 achieve its upper bound. The Golomb-Welch conjecture implies this also to be true for all higher dimensions.
Lower bounds on the order of extremal circulant graphs of even degree d ≥ 6 were established by Chen and Jia in 1993 [1] . For any dimension f = d/2 and diameter k such that
Then the lower bound of [1] is given by
A graph of this order is constructed from the generator set {1, 4a, (4a) 2 , ..., (4a) f −1 }.
For degrees d = 6 and d = 8 we have the following expressions.
4 Extremal and largest known circulant graphs up to dimension 3
The upper bounds for Abelian Cayley graphs, M AC (d, k), are achieved for degree 2, 3 and 4 by circulant graphs. For degree 2, taking Z 2k+1 and generator 1 (so that the connection set C = {±1}), the resultant graph is the cycle graph on 2k+1 vertices which has diameter k, so that CC(2, k) = 2k + 1. For degree 3, taking Z 4k and generator 1, connection set C = {±1, 2k}, the graph is a cycle graph on 4k vertices with 2k edges added to join opposite pairs of vertices. Starting from vertex 0 and taking a path defined by edges +1 we can reach vertices 1, 2, ..., k with paths of length ≤ k. By first taking edge 2k followed by edges +1 we reach vertices 2k, 2k + 1, ..., 3k − 1 with length ≤ k. By taking these paths with edges −1 instead of +1 we can reach all the other vertices with a path of length ≤ k. Hence the diameter is less than or equal to k. However we have M AC (3, k) = 4k. Therefore the specified graph is extremal and CC(3, k) = 4k.
For degree 4, Chen and Jia [1] proved that Z 2k 2 +2k+1 with generator set {1, 2k + 1} has diameter k for all k. As M AC (4, k) = 2k 2 + 2k + 1, this proves the graph is extremal and CC(4, k) = 2k 2 + 2k + 1. For degree 5, Dougherty and Faber [2] proved that the extremal solution for k > 1 is Z 4k 2 with generator set {1, 2k−1} (connection set {±1, ±(2k−1), 2k 2 }) and order that is 2 less than M AC (5, k), giving CC(5, k) = 4k 2 . For degree 2, 3, 4 and 5 these extremal circulant graphs are also the largest Abelian Cayley graphs.
After degree 5 the situation becomes more difficult. Regarding graphs of three dimensions, Dougherty and Faber [2] discovered families of circulant graphs of degree 6 and 7 which were proved by computer search to be extremal Abelian Cayley graphs for diameter k ≤ 18 for degree 6, and for diameter k ≤ 10 for degree 7. For both degree 6 and 7, the formula for the order of the solution, DF (d, k), depends on the value of k (mod 3). Tables 2 and  3 present these solutions alongside the corresponding expressions for the lower and upper bounds, CJ(d, k) and M AC (d, k). Table 2 : order of largest known solutions of degree 6, DF (6, k), for arbitrary diameter k ≥ 2, compared with lower bound CJ(6, k) and upper bound M AC (6, k).
Upper bound, M AC (6, k) (4k 3 + 6k 2 + 8k + 3)/3 = (36k 3 + 54k 2 + 72k + 27)/27 Dougherty and Faber [2] proved the existence of the degree 6 graphs of order DF (6, k) for all greater values of k, and they remain the largest Abelian Cayley graphs of three dimensions so far discovered. For the degree 6 graphs there is a unique solution up to Table 3 : order of largest known solutions for degree 7, DF (7, k), for arbitrary diameter k ≥ 3, compared with upper bound M AC (7, k).
Note: CJ(d, k) is only defined for even d.
isomorphism for diameter k ≡ 1 (mod 3), and for degree 7 there is a unique solution for k ≡ 0 (mod 3). For other values of k there are two distinct isomorphism classes of graphs for both degree 6 and 7, where k ≥ 3 for degree 7 as DF (7, 2) is not extremal. Generator sets for these solutions are shown in Table 4 . Table 4 : Generator sets for degree 6 and 7 graphs of order DF (6, k) and DF (7, k), for diameter k.
Degree 6
Generator set for isomorphism class 1
Degree 6 Generator set for isomorphism class 2
Degree 7 Generator set for isomorphism class 1
Degree 7 Generator set for isomorphism class 2
5 Largest known circulant graphs of degree 8 and 9
Graphs of dimension 4 have degree 8 or 9. As with Dougherty and Faber's approach for dimension 3, an exhaustive computer search was conducted for potential solutions using all feasible generator sets within relevant ranges. For small diameter this process worked well and enabled the discovery of a family of graphs of degree 8 which are larger than the lower bound CJ(8, k) for any diameter k, and similarly for degree 9. However the order of graphs on generator sets of dimension 4 increases with diameter much more quickly than for dimension 3, as well as the number of possible permutations for each order. This means that the calculations to prove the extremality of a candidate graph by continuing the search up to the relevant upper bound, M AC (d, k), quickly exceed the available computing power. Therefore the discovered candidate families of dimension 4 graphs have only been proven to be extremal for a rather limited range of diameters, k ≤ 7 for degree 8 and k ≤ 6 for degree 9. The results for degree 8 are shown in Table 5 . For degree 8 the following quartic polynomials in k determine the order of these solutions for diameter k ≥ 3:
Over the range of diameters checked there is just one unique graph up to isomorphism for each k ≥ 3. The leading coefficient of 1/2 equals the lower bound value in the formula for CJ (8, k) and is below the upper bound value of 2/3 in M AC (8, k). See Table 6 .
For k = 2 the formula gives a graph of order 32 whereas the optimal order is 35 with two non-isomorphic solutions. For 3 ≤ k ≤ 7 the resulting graphs have been proven extremal by exhaustive computer search up to the upper bound M AC (8, k). The existence of these graphs for all k is proved in the next section. They are the best solutions so far discovered for any k ≥ 3 and are conjectured to be extremal.
The results for degree 9 are shown in Table 7 .
For degree 9 the following quartic polynomials in k determine the order of the largest known solutions for diameter k ≥ 5:
This may be compared with the upper bound M AC (9, k) = (4k 4 + 20k 2 + 6)/3. 
Lower bound CJ(8, Over the range of diameters k ≥ 5 checked there is a unique solution up to isomorphism for each even diameter and two for each odd diameter. For isomorphism class 1, for each diameter there are three or four generator sets which include the element 1. Formulae for the generator sets for isomorphism class 1 are listed in Table 8 . Table 8 : order, L(9, k), of largest known degree 9 circulant graphs for diameter k ≥ 5, and generator sets for isomorphism class 1.
Factors establishing isomorphisms between the graphs generated by the various generating sets of isomorphism class 1 are listed in Table 9 . Table 9 : Factors transforming generator set 1 into the other generator sets for degree 9 graphs of isomorphism class 1, for any diameter k.
Diameter, k
For generator set 2 For generator set 3
Diameter, k For generator set 4
For isomorphism class 2 the formulae for the generator sets were more difficult to discover. It emerges that the solution depends on the diameter k (mod 14). This is a most surprising result for a system with dimension 4 and degree 9, neither value having a common factor with 7. For each odd diameter there are one or two generator sets which include the element 1. One sequence omits the case k ≡ 9 (mod 14) with each solution having a pair of generators differing by k +1. The other omits the case k ≡ 5 (mod 14) with each having a pair differing by k − 1. The formulae for these generator sets are listed in Table 10 . Table 10 : Generator sets for isomorphism class 2 of degree 9 circulant graphs of order L(9, k) for diameter k ≥ 5.
Diameter, k Generator set 1 Generator set 2
* No solutions for k ≡ 9 (mod 14) for generator set 1 or for k ≡ 5 (mod 14) for generator set 2
Factors establishing isomorphisms between the graphs generated by the generating sets of isomorphism class 2 are listed in Table 11 .
In order to establish that the graphs of isomorphism class 2 are not isomorphic to class 1, at least for the diameters checked, spectral analysis is used. The spectrum of a circulant graph may be determined straightforwardly using the following presentation by Nguyen, [8] , of the standard formula for the eigenvalues.
Theorem 2. (Nguyen) Let A be the adjacency matrix of a circulant graph on n vertices, where c i = c n−i = 1 if vertices i and n-i are adjacent and 0 otherwise, and let Sp(A) be its spectrum. If n is odd then Diameter, k Factor (elements from generator set 2)
If n is even then
Some differences in the spectral analysis between the two classes are listed in Table 12 , proving that the two isomorphism classes are distinct. The same approach can be used to confirm the two isomorphism classes for degree 6 and 7. 5  700  315  319  0  0  385  381  7  2548  1215  1211  0  0  1333  1337  9  6804  3343  3347  2  0  3459  3457  11  15004  7539  7529  0  0  7465  7475 For diameter k ≤ 4 the graphs determined by the formulae are not optimal. For k = 5 and k = 6 the resulting graphs have been proven extremal by checking up to the upper bound M AC (9, k). The existence of these graphs has also been confirmed by computer for all diameters k ≤ 80. They are the largest circulant graphs so far discovered for any diameter k ≥ 5 and are conjectured to be extremal.
6 Existence proof for the degree 8 graph of order L(8, k) for all diameters
In this section we prove the existence of the degree 8 circulant graph of order L(8, k) for all diameters k ≥ 2. This proof closely follows the approach taken by Dougherty and Faber in their proof of the existence of the degree 6 graph of order DF (6, k) for all diameters k ≥ 2 [2] .
Theorem 3. For all k ≥ 2, there is an undirected Cayley graph on four generators of a cyclic group which has diameter k and order L(8, k), where
Moreover for k ≡ 0 (mod 2) a generator set is {1, (k 3 + 2k 2 + 6k + 2)/2, (k 4 + 4k 2 − 8k)/4, (k 4 + 4k 2 − 4k)/4}, and for k ≡ 1 (mod 2), {1, (k 3 +k 2 +5k+3)/2, (k 4 +2k 2 −8k−11)/4, (k 4 +2k 2 −4k−7)/4}.
Proof. We will show the existence of four-dimensional lattices
, where S f,k is the set of points in Z 4 at a distance of at most k from the origin under the l 1 (Manhattan) metric, and |Z 4 : L k | = L(8, k) as specified in the theorem. Then, by Theorem 1, the resultant Cayley graph has diameter at most k.
For k ≡ 0 (mod 2) let L k be defined by four generating vectors as follows:
Then the following vectors are in L k :
Hence we have e 2 = (4a 3 +4a 2 +6a+1)e 1 , e 3 = (4a 4 +4a 2 −4a)e 1 and e 4 = (4a 4 +4a 2 −2a)e 1 in Z 4 /L k , and so
Thus Z 4 /L k is isomorphic to Z L(8,k) via an isomorphism taking e 1 , e 2 , e 3 , e 4 to 1, 4a 3 + 4a 2 + 6a + 1, 4a 4 + 4a 2 − 4a, 4a 4 + 4a 2 − 2a. As a = k/2 this gives the first generator set specified in the theorem: {1, (k 3 + 2k 2 + 6k + 2)/2, (k 4 + 4k 2 − 8k)/4, (k 4 + 4k 2 − 4k)/4}.
Similarly for k ≡ 1 (mod 2) let L k be defined by four generating vectors as follows:
In this case the following vectors are in L k :
Hence we have e 2 = (4a 3 + 4a 2 + 6a − 1)e 1 , e 3 = (4a 4 − 8a 3 + 8a 2 − 8a)e 1 and e 4 = (4a 4 − 8a 3 + 8a 2 − 6a)e 1 , in Z 4 /L k , and so
, as in the statement of the theorem.
Thus Z 4 /L k is isomorphic to Z L(8,k) with generators 1, 4a 3 − 4a 2 + 6a − 1, 4a 4 − 8a 3 + 8a 2 − 8a, 4a 4 − 8a 3 + 8a 2 − 6a. As a = (k + 1)/2 in this case, this gives the second generator set specified in the theorem: {1, (k 3 +k 2 +5k+3)/2, (k 4 +2k 2 −8k−11)/4, (k 4 +2k 2 −4k−7)/4}.
It remains to show that
First we consider the case k ≡ 0 (mod 2). For k = 2, it is straightforward to show directly that Z 32 with generators 1, 4, 6, 15 has diameter 2. So we assume k ≥ 4, so that a ≥ 2. Now let Now we consider the case k ≡ 1 (mod 2). For k = 3 it may be shown directly that Z 104 with generators 1, 16, 20, 27 has diameter 3. So we assume k ≥ 5, so that a ≥ 3, and let
with v 1 , v 2 , v 3 , v 4 as defined for k ≡ 1 (mod 2), so that the 16 vectors ±v i provide one element of L k lying strictly within each of the orthants of Z 4 . In this case all the coordinates of these vectors have absolute value at most a + 1.
We must show that each x ∈ Z 4 is in S f,k + L k , which means that for any x ∈ Z 4 we need to find a w ∈ L k such that x − w ∈ S f,k . However x − w ∈ S f,k if and only if δ(x, w) ≤ k, where δ is the l 1 metric on Z 4 . If x, y, z ∈ Z 4 and each coordinate of y lies between the corresponding coordinate of x and z or is equal to one of them, then δ(x, y) + δ(y, z) = δ(x, z). In such a case we say that "y lies between x and z".
For any x ∈ Z 4 , we reduce x by adding appropriate elements of L k until the resulting vector lies within l 1 -distance k of 0 or some other element of L k . The first stage is to reduce x to a vector whose coordinates all have absolute value at most a + 1. If x has a coordinate with absolute value above a+ 1, then let v be one of the vectors ±v i (1 ≤ i ≤ 8) such that the coordinates of v have the same sign as the corresponding coordinates of x. If a coordinate of x is 0 then either sign is allowed for v as long as the corresponding coordinate of v has absolute value ≤ a + 1. So in the case k ≡ 0 (mod 2) if the e 3 coordinate of x is 0 then we avoid v 7 and take v 5 instead. Also if the e 4 coordinate of x is 0 (or both e 3 and e 4 coordinates are 0) then instead of v 5 we take v 1 .
Now consider x ′ = x − v. If a coordinate of x has absolute value s, 1 ≤ s ≤ a + 1, then the corresponding coordinate of x ′ will have absolute value s ′ ≤ a + 1 because of the sign matching and the fact that the coordinates of v have absolute value ≤ a+2. If a coordinate of x has absolute value s = 0, then as indicated above, the corresponding value of x ′ will have absolute value s ′ ≤ a + 1 because v is chosen such that the corresponding coordinate has absolute value ≤ a + 1. If a coordinate of x has absolute value s > a + 1, then the corresponding coordinate of x ′ will be strictly smaller in absolute value. Therefore repeating this procedure will result in a vector whose coordinates all have absolute value at most a + 1.
If the resulting vector x ′ lies between 0 and v, where v = ±v i for some i, then we have
all of the vectors v satisfy δ(0, v) = 4a + 1, and for k ≡ 1 (mod 2) they all satisfy δ(0, v) = 4a − 1. So in either case we have δ(0, v) = 2k + 1. Since δ(0, x ′ ) and δ(x ′ , v) are both non-negative integers, one of them must be at most k, so that x ′ ∈ S f,k + L k . Hence we also have x ∈ S f,k + L k as required.
Now we are left with the case where the absolute value of each coordinate of the reduced x is at most a + 1, and x is in the orthant of v, where v = ±v i for some i ≤ 8 but does not lie between 0 and v. Since L k is centrosymmetric we only need to consider the eight orthants containing v 1 , ..., v 8 . For both cases k ≡ 0 and k ≡ 1 (mod 2) the exceptions need to be considered for each orthant in turn. To avoid this paper being unduly long only the exceptions for the orthant of v 1 for k ≡ 0 (mod 2) and for k ≡ 1 (mod 2) are included here. The other orthants are handled similarly. A full proof including all orthants for both cases is available on ArXiv [5] .
So suppose that k ≡ 0 (mod 2) and x lies within the orthant of v 1 , but not between 0 and v 1 . Then as v 1 = (−a − 1, a + 1, a, −a + 1), the third coordinate of x is equal to a + 1 or the fourth coordinate equals −a or −a − 1. We now distinguish three cases. This completes the cases for the orthant of v 1 for k ≡ 1 (mod 2).
Conclusion
This paper has reviewed the proven extremal circulant graphs of dimension 1 and 2, degree 2 to 5, and Dougherty and Faber's largest known solutions for dimension 3, degree 6 and 7, in the context of relevant lower and upper bounds. It has also presented newly discovered families of circulant graphs of dimension 4, degree 8 and 9, which are proven to be extremal for small diameters above a threshold and are conjectured to remain so for all diameters, along with a proof of the existence of the degree 8 graph for all diameters.
A question naturally arises whether there are any common relationships that are valid across the graphs of all four dimensions. The formulae for the order of the extremal and largest known graphs of degree d ≤ 9 are compared with the lower bounds CJ(d, k). We recall that CJ(d, k) = (1/2)(4/f ) f k f + O(k f −1 ) for even d and f = d/2, and observe that for degree d = 2, 4, 6 and 8 the coefficients of the leading term k f in the formulae for graph order are 2, 2, 32/27 and 1/2 respectively, and therefore equal to that of CJ(d, k) in each case, see Table 13 . This supports a conjecture that for any even degree d, the leading term in the formula for the order of an extremal graph is (1/2)(4/f ) f k f where f = d/2. We may also observe
